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Abstract. Aircraft shelter is a structure or a reinforced hanger that has many uses in military 

aspects. It is used to protect military aircraft from different dangers such as enemy chemical 

attacks. Also, it provides housing, permitting aircraft maintenance and it can be storage for 

different weapons. therefore, optimum design of aircraft shelter is of a great importance. It may 

take several shapes to be suitable for its usage. It can be made from concrete, steel or 

composite materials. The foundations of an airplane shelter must be designed as best as 

possible. Design objectives are greatly impacted by the contact pressure between the earth and 

the foundation surface. Classical method in design assumes maximum uniform linear 

distribution of pressure under contact surface of footing. So, considering real contact pressure 

has a great interest for many authors. In this article, a new analytical method is proposed to 

study the effect of moments and load inclination on the design of rectangular isolated footing. 

The model proposed takes into consideration the real soil pressure. A parametric study was 

conducted and data obtained from classical model were larger than those from proposed model. 

Seven Rectangular isolated footings were designed using traditional method and proposed 

method. The proposed method is more economic since it provides less concrete dimensions. 

Results obtained from the new model were compared with FEM and achieved reasonable 

agreement.       

Keywords: Inclination load-Isolated footing-Real pressure-Contact surface                                                                

1.  Introduction 

Foundation is a basic structure element that transmits structure loads and moments safely to the soil. 

Foundations are classified into several types depends on depth of footing, geometry and their function. 

According to depth there are shallow foundations and deep foundations which differ in geometry 

(square-rectangular-circular-…etc.). There are different types of shallow foundations according to 

functionality (isolated-combined-Raft and strip footing). Contact pressure between soil and foundation 

has a great effect on design purposes. Distribution of pressure under foundation surface depends on 

various factors such as (type of footing-relative rigidity between soil and foundation-depth of 

foundation surface) [1]. 
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Figure1. different contact pressure distribution for different types of soil and footings. 

Classical method in design assumes maximum uniform linear pressure at all points of contact     

surface [1]. The traditional method has discussed the most common shapes of shallow RC footings 

both square and rectangular [2]. Limited studies were made by authors to study design of irregular 

shapes of footings (trapezoidal-triangular) [3]. AL-Ansari produced a simplified analytical model to 

study the design of irregular shapes of RC footings [4]. Leonidas discussed the problem of 

determining pressure and settlement of rigid foundations resting on an elastic layered soil [5]. 

Gunerathne discussed the analysis of uniformly-loaded circular tank foundation resting on soil [6,7]. 

Several studies were performed to analyze settlement of thick and thin elastic plates[8–12]. Several 

numerical studies were carried to analyze shallow foundations on reinforced soil[13–15]. 

Mathematical modeling is of a great importance to describe the real problem in terms of equations[16–

18]. Classical method in design does not take into consideration the real soil pressure. Considering 

maximum distribution of pressure under contact surface results in producing larger dimensions and 

area of steel which lead to more cost. So, considering real pressure at all points of contact was adopted 

by many authors. Rojas introduced new mathematical models for design of different shallow 

foundations. [19] 

In this article, an analytical method is proposed to discuss the effect of moments and load 

inclination on the design of rectangular isolated footing. A general formula of critical sections of 

moments, unidirectional shear and bidirectional shear force is obtained using volume of pressure. A 

parametric study was performed for four different inclined angles. Data obtained from classical 

method were larger from those obtained from the proposed model. Results obtained from the new 

model compared with FEM were of a great acceptance. The new analytical model is closer to reality 

and  more economic than the traditional model since it takes into consideration the variation of 

pressure at every point of contact surface.  

2.  Methodology 

2.1.  Problem definition 

The analysis considers a RC rectangular footing with width “B” , length “L” and thickness “t” 

subjected to two orthogonal moments in both directions ( around x-axis and y-axis) and inclined load 

that makes angle ϴ with  the vertical line (see Figure 2). 
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Figure 2. Rectangular isolated footing subjected to inclined load and two orthogonal moments. 

  

For a rectangular isolated footing subjected to inclined load and two orthogonal moments (moment 

around x-axis and moment around y-axis), stress can be calculated at any point of contact surface from 

the general equation [20]: 

                                       σ(x,y) =
𝑃𝑐𝑜𝑠𝛳

𝐴
±

𝑀𝑥

𝐼𝑥
𝑦 ±

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥                                      (1) 

where σ(x,y) is the stress at any point of contact surface, A is the area of the rectangular footing, Mx is 

the moment around x-axis, , My is the moment around y-axis, Ix is the moment of inertia around x-

axis, Iy is the moment of inertia around y-axis, ϴ is the inclination angle of the load with the vertical 

line, P is the load applied at the center of the footing, t is the summation of thickness of RC footing 

and the plain concrete thickness. x and y are the coordinates of any point on the surface of contact 

between soil and foundation. Stresses at each corner can be found using equation (1) 

                    σ1 = 
𝑃𝑐𝑜𝑠𝛳

𝐴
+

𝑀𝑥

𝐼𝑥
𝑦 +

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥                                          (2) 

                    σ2 = 
𝑃𝑐𝑜𝑠𝛳

𝐴
−

𝑀𝑥

𝐼𝑥
𝑦 +

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥                                          (3) 

                    σ3 = 
𝑃𝑐𝑜𝑠𝛳

𝐴
−

𝑀𝑥

𝐼𝑥
𝑦 −

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥                                          (4) 

                    σ4 = 
𝑃𝑐𝑜𝑠𝛳

𝐴
+

𝑀𝑥

𝐼𝑥
𝑦 −

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥                                          (5) 

where σmin ≥ 0  (compression only)   and   σmax  does not exceed allowable bearing capacity of soil. 

According to equation (1) stress varies from point to another. Methods of calculus were used to evaluate real 

pressure. Using double integration technique to calculate volume of pressure to present formula for critical 

sections of moments, unidirectional shear and punching shear. 

2.2.  Critical sections for moments 

Critical sections of moments for rectangular isolated footing occurs at column face as shown in Figure 

2. To evaluate the moment around b-b axis; resultant force of pressure from the column face until the 

edge of the footing is being calculated then multiply the resultant force by the distance to the column 

face section [20-21]: 

                                          F1= ∫ ∫
𝑃𝑐𝑜𝑠𝛳

𝐴
±

𝑀𝑥

𝐼𝑥
𝑦 ±

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥  𝑑𝑥 𝑑𝑦

𝑏

2
𝑐1

2

𝑙

2
−𝑙

2

 

                                          F1= 
𝑃𝑐𝑜𝑠𝛳(𝑏−𝑐1)

2𝑏
 + 

3(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡))(𝑏²−𝑐12)

2𝑏³
 

            Xc = 
∫ ∫ xσ(x,y) 𝑑𝐴

𝐷

∫ ∫ σ(x,y) 𝑑𝐴
𝐷

 = 
𝑃𝑐𝑜𝑠𝛳∗𝑏²(𝑏²−𝑐12)+4(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡))(𝑏³−𝑐13)

4𝑃𝑐𝑜𝑠𝛳∗𝑏²(𝑏−𝑐1)+12(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡))(𝑏²−𝑐12)
 

                     Mb-b = F1 * ( Xc - 
𝑐1

2
 )                                                                  (6) 

Similarly moment around a-a axis can be obtained using the same procedures: 
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                                               F2= 
𝑃𝑐𝑜𝑠𝛳(𝑙−𝑐2)

2𝑙
 + 

3𝑀𝑥(𝑙²−𝑐22)

2𝑙³
 

                                               Yc= 
𝑃𝑐𝑜𝑠𝛳∗𝑙²(𝑙²−𝑐22)+4𝑀𝑥(𝑙³−𝑐23)

4𝑃𝑐𝑜𝑠𝛳∗𝑙²(𝑙−𝑐2)+12𝑀𝑥(𝑙²−𝑐22)
 

 

                               Ma-a = F2 * ( yc - 
𝑐2

2
 )                                                                 (7) 

2.3.   Critical sections of shear 

The critical section for unidirectional shear occurs at distance “d” from column face in both directions 

while punching shear force occurs at distance “d/2” see Figure 3.

 

Figure 3.  figure “a” shows the critical sections of unidirectional shear (section f-f & section c-c). 

Figure “b” shows critical section of punching shear force at distance d/2 from column face. 

 

Formula of unidirectional shear for section (f-f) and section (c-c) can be derived by integrating contact 

pressure. 

                                            Vf-f =∫ ∫ σ(x,y)𝑑𝐴
𝑏

2
−𝑏

2

𝑙

2
𝑐2

2
+𝑑

 

                                            Vf-f =∫ ∫
𝑃𝑐𝑜𝑠𝛳

𝑏𝑙
±

𝑀𝑥

𝐼𝑥
𝑦 ±

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥 𝑑𝑥 𝑑𝑦

𝑏

2
−𝑏

2

𝑏

2
𝑐2

2
+𝑑

 

 

                                           Vf-f = 
𝑃𝑐𝑜𝑠𝛳(𝑙−𝑐2−2𝑑)

2𝑙
 + 

3𝑀𝑥(𝑙2−𝑐22−4𝑐2𝑑−4𝑑²)

2𝑙³
                                 (8) 

 Similarly 

                                           Vc-c =∫ ∫
𝑃𝑐𝑜𝑠𝛳

𝑏𝑙
±

𝑀𝑥

𝐼𝑥
𝑦 ±

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥 𝑑𝑦 𝑑𝑥

𝑙

2
−𝑙

2

𝑏

2
𝑐1

2
+𝑑

 

 

                                          Vc-c = 
𝑃𝑐𝑜𝑠𝛳(

𝑏

2
−

𝑐1

2
−𝑑)

𝑏
 + 

6(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)(
𝑏2

4
−(

𝑐1

2
+𝑑)

2
)

𝑏³
                             (9) 

And for punching shear force (Q) 

              Q=∫ ∫
𝑃𝑐𝑜𝑠𝛳

𝐴
±

𝑀𝑥

𝐼𝑥
𝑦 ±

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥  𝑑𝑥 𝑑𝑦

𝑏

2
−𝑏

2

𝑙

2
−𝑙

2

 -∫ ∫
𝑃𝑐𝑜𝑠𝛳

𝐴
±

𝑀𝑥

𝐼𝑥
𝑦 ±

(𝑀𝑦+𝑃𝑠𝑖𝑛𝛳∗𝑡)

𝐼𝑦
𝑥  𝑑𝑥 𝑑𝑦

𝑐1+𝑑

2
−𝑐1−𝑑

2

𝑐2+𝑑

2
−𝑐2−𝑑

2

 

 

                                        Q= 𝑃𝑐𝑜𝑠𝛳 - 
𝑃𝑐𝑜𝑠𝛳(𝑐1+𝑑)(𝑐2+𝑑)

𝑏𝑙
                                                           (10) 
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Equations. (1-10) can be programmed using any software of mathematics (MATLAB - Mathematica) 

for quick calculations of stress, moment and shear force. 

3.  Numerical study and discussion 

A parametric study was performed to study the accuracy and validation of the analytical method using 

ACI (American concrete institute) [22]. Results from the new model are compared with those from 

FEM (safe software). Also, comparisons were made with those from literature Al-Ansari [4]. Case 

study, a square isolated RC footing subjected to two orthogonal moments (moment around x-axis and 

moment around y-axis) and supports a column located at its center with four different inclination 

angles.Design parameters: 

 

Table 1. Design parameters.  

Parameter value unit 

PD 50 ton 

Pl 30 ton 

Ml.x 6 ton.m 

Ml.y 4 ton.m 

Df 1.5 m 

qa 22 t/ m² 

γc 2.5 kg/cm³ 

γs 1.5 kg/cm³ 

Fcu 250 kg/cm² 
Theta 0, 5, 15, 18 degree 

  

Where 

 

PD ….working dead load                     

 Pl …..working live load    

Ml.x ….moment around x-axis                   

 Ml.y ….moment around y-axis                               

qa …..allowable bearing capacity of soil 

Fcu ….compressive strength of concrete 

Df….depth of footing 

 γc …self weight of concrete 

 γs …self weight of soil 

3.1.  Comparison with traditional method 

 

Design of the RC rectangular isolated footing had been discussed using the classical technique in 

design that considers the maximum contact pressure at all points of contact and with the new 

analytical method. Figures below show differences between the two models. 
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        Figure 4. volume of concrete comparison                   Figure 5. Unidirectional shear comparison      

        at different inclination load angle.                                of the two models.                 

 

Figure 4. shows that the concrete volume of the isolated footing increases with the increase of load 

inclination angle. That happened because of increasing inclination load results in increasing stress 

under footing contact surface due to increase in moment around y-axis. Furthermore, It decreases the 

term (
𝑃𝑐𝑜𝑠𝛳

𝐴
) . It is obvious that at all different inclination load angles, volume of concrete in case of 

proposed model is less than in case of traditional model. Figure 5. describes the relation between shear 

force by flexure or unidirectional shear force in (ton) and the different inclination load angles. The 

graph show that in both models the shear force increases until certain limit (theta=15 degree) then 

decreases after that. The explanation for this change is due to increasing inclination angle of load 

reduces the vertical load component.Values of shear force were less in case of proposed model at all 

different inclination angles. This difference is noticeable at bigger values of theta. 

 

                        
         Figure 6. Bidirectional shear comparison                  Figure 7. Moment around section (a-a) 

         of the two models.                                                       comparison. 
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Figure 6. describes the relation between punching shear force or bidirectional shear (ton) and different 

inclination angles of load. It is remarkable that there is a clear difference between classical model and 

the proposed one. Larger values in punching shear force in classical model results in increase in depth 

of the footing. So, the new model is more economic than the traditional one. Figure 7. illustrate the 

relation between moment around section (a-a ) and various inclination load angles. The graph shows 

there is a rapid increase in moment with variation of theta. On the other hand, the proposed model has 

a smaller values at the same corresponding theta. Larger values of moment cause more area of steel in 

design. 

 

       
Figure 8. Moment around section (b-b) comparison. 

Figure 8. analyzes the results of moment around section (b-b) and theta variation. For the two models 

moment increases with the increase of inclination load angle. Proposed model provides less values of 

moment which minimize area steel in that direction. Results showed that in all cases outcomes of the 

classical model is larger than those of the proposed one. 

 

3.2.  Comparison with FEM 

To check the accuracy and validation of the new analytical method; four different models were 

defined using safe software. Author used the same dimensions obtained from proposed model and 

compared values of critical sections of moments. The safe model was defined by the following 

characteristics: 

Table 2. Design parameters of safe model. 

Col.dimensions subgrade modulus  L=B Thickness γc 

30*30 cm  2*10 ⁴ KN/m³  2.4 m 40 cm 
2.5 

kg/cm³ 

30*30 cm  2*10 ⁴ KN/m³  2.5 m 40 cm 
2.5 

kg/cm³ 

30*30 cm  2*10 ⁴ KN/m³  2.6 m 40 cm 
2.5 

kg/cm³ 

30*30 cm  2*10 ⁴ KN/m³  2.7m 40 cm 
2.5 

kg/cm³ 

  

The inclined load was presented by two components “ P cosϴ ” in vertical direction and “ P sinϴ * t ” 

represented by My-y , Column dimension= 30*30 cm , thickness of footing= 40cm , γc = 2.5 kg/cm³. 

Results from analytical model compared with those from FEM and were of a great acceptance. slight 

difference in results are due to configuration of soil stiffness in safe model. 
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Table 3. Ma-a comparison (ton.m).                                        Table 4. Mb-b comparison (ton.m). 

 

 

 

 

                               
                          Footing theta=0                                                                    Footing theta=5 

(a)                         (b) 

 

 

                                  
                          Footing theta=15                                                                 Footing theta=18 

                                        (c)                  (d) 

 

Figure 9. Settlement contours for different inclination load. 

 

3.3.  Comparison with previous studies 

 

In case of ϴ=0, Results are compared with Al-Ansari [4] who used the classical technique in design. 

Seven different square footings with different loads are compared. 

 

Theta Proposed model FEM 

0 28.73 28.44 

5 29.70 29.66 

15 29.31 30.20 

18 29.53 31.01 

Theta Proposed model FEM 

0 27.40 27.14 

5 30.62 30.04 

15 34.99 35.67 

18 37.02 37.90 
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Figure 10. shows that the proposed model provides less dimensions of square footing in all cases of 

design. 

4.  Results and Conclusion 

In this article, an analytical method has been proposed for optimum design of rectangular isolated 

footing subjected to inclined load and two orthogonal moments (moment around x-axis and moment 

around y-axis). The proposed model is close to reality since it considers the variation of stress at every 

point. Formulas for critical moment, unidirectional shear and punching shear have been derived using 

methods of calculus. Four different load inclination angles were considered in design and results were 

less than those from classical method in all cases. Results from the new analytical method compared 

with those from literature were more economical. Volume of concrete was reduced by 25% in case of 

using the proposed model in design. Also, to validate the proposed model results were compared with 

FEM and were of a great agreement. In large projects, the new model is more economic since it 

provides less dimensions of foundation and less area of steel. 
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