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OPTIMUM POLICIES OF REPAIR RATES FOR 

AIRCRAFTS AND ITS COMPONENTS 

T. M. METWALLY 

ABSTRACT 

Aircrafts and or its components are subject to failure 
during its normal.operation. These failures may be recti-
fied at different repair rates Al, A2, A3....Ak with 
corresponding repair costs rj, r2, r3....rk. If a unit 
fails, (A/C or component), it costs C per unit time, 
where n is the state of the system. The problem is to 
choose repair policy; as a function of the state of the 
system; which minimizes the long run expected total costs 
of the system repair. 

A model is constructed to deal the problem in two cases: 
— Case of poission arrivals and exponential repair time. 
— Case of general arrivals and exponential repair time. 

An optimization procedure is deduced for both cases, then 
the problem is computerized through a FORTRAN IV program, 
the model is then applied through a case study on EGYPTAIR 
fleet and the optimum policy is deduced through the model's 
computer program. 

MATERIAL PLAN/TING MANAGER, EGYPTAIR, CAIRO, EGYPT. 

L 



TRAM-1 1666 I 
FIRST A.S.A.T. CONFERENCE. 

14-16 May 1985 I CAIRO 

 

NOTATIONS 

Consider a system consisting of M units (Aircraft or cam-
ponent) from which R units at least should be operating 
properly. In case of no failures, the R units are in 
actual operating conditions and the (M—R) are stand by. 
A failed unit is repaired in the repair facility at as 
repair rate An  which depends on the state of the system. 
Let also: 
Q(t) = the state of the system at time (t) 
m 	= the capacity at the repair queue 
3 	= the set of all possible states (state space) 

(0, 1, 2p  ...........m) 
= the mean failure rate when the system is in state n 

An 	= the service rate when the system is in state n 
K 	= the number of the available repair rates 
rk 	= the cost per unit time incurred if the repair 

rate K is used. It is assumed that riN:r2Nr, 

Cn(t) = a cost rate incurred by the system owing to loosing 
production when the state of the system is n at 
time t. 

Z 	= decision space (Action space), a set of all non- 
randomized actions. 

= I, 2, octegoo00 K 
in(t) = a function mapping from S to Z with clear meaning 

that: 
fn(t) = K means that whene,:er the state of the 
system is n, the service rate AK is used. 

F 	= the set of Ill functions (f) 

THE PROBLEM 

If the system is in state n at time t and a repair rate 
Ak ie used, the costs of the system at time t will be: 

Cn(t) + rTu(t) 

The average cost of the system during a period (09  T) will 
be: 

T 

c ol 	(Cn( t) 	r fn(t) ) dt 

and the expected cost of the system will be
T  

gf = Lim E(1/T) O f (Cn(t) 	rfn(t)) dt 

The problem will be so: minimize gf over all possible f E F 

THE MODEL 

Two cases at the repair queue are studied: 
— case of poission arrivals and exponential repair time. 
— cane of general arrivals and exponential repair time. 
L 
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The Model With Poisson Arrivals And Exponential Repair Time: 

A system or m unit is considered. Given the number of 
failed unite n, the failure distribution is Segative ex-
ponential with a parameter depending only on that number 
n. Let the repair service has the same property. In 
particular when the state of the system is n, let En  be the 
hazard rate for the unit and An  be the service rate for the 
sdme unit. 

One can deduce from the first principales that the stationary 
probability of being in state n, Pn  is given by: 

Bo  B1  B2 	 B n-...  i 	where Po  is calculated Pn = 	 D 
Al A2 	 An 	j"0 

from the very known relation: 

Pn = 1  
n = 0 

Now; if a policy f : s 	defines a certain repair rate 
Ak corresponding to every state or the system, then the 
long run expected average costs or the system corresponding 
to this policy will be: 

num 
gf  = 	(Cn  + rk) Pn  

n=0 

The objective is to find the policy (f) which minimizes gf 

The Model With General Input And Exponential Service 
Distribution: 

Consider the case of exponential service and general input 
distribution where one examines the system at its regenera-
tion points. The regeneration point occures when a new 
arrival is joined the repair queue. Let us denote: 
n = tne number of units in the repair queue in front of 

a new arrival at time T. That is the state of the 
system just before a regeneration point. 

n1 = the number of units in the repair queue in front of 
a new arrival at time t + h. 

j = the number of units being serviced during the interval 
h including the unit arriving at time T if its service 
is completed during T + h, thus: 

n1 =N+1- j 	with 0\nl\n + 1 	(1) 

Assuming that the service distribution is exponential with 
mean An  (depends on the state of the system), then: 
P (J being serviced / interval h) = 

h An+1  e-  hAn+1 

L 	'"71 
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The unconditional probability 

P (J being serviced) Jr (h Ania)jo'hAn+1 dF (h) 

for J n+1 

Where F(h) is the distribution function for interarrival 
times. 

One may represent the system in terms of an imbeded 
Markovian chain. The Markovian chain matrix is 

0 1 2 3 .... msi 
1-K0  K0  0 0 0 
1-K0-K1 Kl  K0  9 0 
1-K0-K1-K 2  K2 K1 Ko 0 
• • K2 K/ 0 
• • • 1(2 0 
• • • 0 
• • • • • 

Define Pn as the stationary probability of n units in front 
of a unit arriving at regeneration point. Using the matrix 
(4), one can calculate the values of Pn  which satisfies 
the steady state equations: 

m-1 
Pn = K 	for n7 1 	(5) i+n-1 i i= 0 P  

m...1 
P = 0 	> 	Pi  (1 - E-  ) 	 (6) i=0 	i 

Who .e 
i 

..e.._ .-- \--- 7-.  K 	 (7) i 5;b J 

The solution of the stationary distribution given in 
equation (5) may, be written in the form: 

Pr 	C Sn 	for C 7 0 	 (8) 
Where C & S satisfy both equations 

It can be shown [8] that 
m-1 

Pn = ( > 	Sici) ) SOL 	 (9) 
n=0 

( 3 ) 

( 4 ) 

(5) & (6) 
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With S = F [kn+/ (1.8)j 	 (10) - 

Where E1.1  is the Laplace-Stieltjes transformation of the 
interarrival distribution F(h) and So  is the unique solution 
for equation (10) with 0 c So  N: 1 

Pn  is the steady state stationary probability of n units in 
front of a unit arriving at a regeneration point. 

If a policy f : S --).Z defines certain repair rate Ak corres-
ponding to every state of the system, the expected average 
coats of the system corresponding to this policy will be: 

nun-_1 
gf = 	(Cn+1 rk) Pn n=0 

The objective is to find the policy f that minimizes gf 
over all possible function mappings 

OPTIMIZATION PROCEDURE 

The following is a summary for the steps of optimization: 
i - Determine all possible decisions giving the values 

of(Ai, A2, 	Ak)and (ri, _,,.......rk). 
ii - Use the rule of elemenating a decision given in re- 

ference [10] to determine the eleminated decisiona 
and so the set of extreme admiseable decision*. 

iii - Determine the parameters of the system Bn, C(*), M, 
R, m and Hn. 

iv - Determine the set of stationary probabilities Pn  for 
all states of the system. 

v - Examin the existence of simple optimal policy as 
per reference [11]. If there exists a simple optimal 
policy, calculate gf for possible simple policies 
only. If the policy is not simple, gf is calculated 
for all possible policies. 

- The optimum policy in all cases is the one which 
corresponds minimum value of gf. 

CASE STUDY ' 

A semi-artificial case study is considered due to lag of 
accurate data. 

A fleet of 12 A/C is assumed to be operated properly with-
out stand by (i.e. R = 0). Two service rates in the 
system: 
First rate is of 20 HR mean service time i.e. • 

Al = 0.05 unit / HR 

The cost corresponding to this rate is found to be L.E. 30 
per HR. 



BO 	 B
n- Pn = 0 1    	20 A A 	 An _ 

Po 

/ 2 
B 	B 

1 + 	+
B  
-2-416 + 

Al Al A2 
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Second rate is of 12 HR mean service time i.e. 

A2 - 0.083 

The cost corresponding to this rate is found to be L.E. 50 
per HR. 
The failure rate is 0.01 per HR 
The cost due to lost production of an A/C is 

500 n 	for 0's-  n 	6 
Cn as 

OD 	 for 	n 7 6 
Where n is the no.of failed aircrafts. 
We shall so have the states 0,1,2,3,4,5 and 6. 

Using the model with Poisson input and exponential service 
time, one has: 

The possible function mapping f from the state S to the 
action space Z will contain 64 function mapping with 
8 - 0,1,2, 	6 & Z = 1, 2 

We call these function mappings fl, f2, f3, f4, 	f64* 

It is clear that the set of admissible decisions is the 
set of both available decisions i.e. service rates (Al, 
A2) with service costs (r1, r2)  

For the existence of a simple optimal policy, one has to 
study Hi, C(i): 
C(i) 	= Cn  is obviously nondecreasing 

C(i+1) - C(i) = 500 	for i = 1, 2, 	 6 

ri 	20  
33 
 - 600 

	

A 	
•0 06 2 	A  = ‘j  a  

BH2  = 0.01 x 600 = 6 

So 	C(i+1) - C(i) 	BH2 

And there exists a simple optimal policy where f(i) is a 
nondecreasing function with f(i)-7- f(1-1) for all possible 
states of the system. The set of all simple optimal 
policies will be: 
fl, f7, flit f41, f55, fso, and f64 where fg is defined as 
per table . 

_J 



Function mapping (action taken either policy 1 or 

State 	
Policy 2)  

f 	f 	f 	f 	f 	f 8 	f 

1 	1 	1 	1 	1 	1 	1 
2 	1 	1 	1 	1 	1 	2 

3 	1 	1 	1 	1 	2 	2 
4 	1 	1 	1 	2 	2 	2 

	

2 	2 5 	1 	1 	2 	2 
6 	1 	2 	2 	2 	2 	2 	2 

2 
2 
2 
2 

130.95 130.84 129.38 129.42 125.13 121.24 74.15 
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1 

Table 1; Set Of All Simple Optimal Policies  

The corresponding expected long run average costs for these 
policies will be: 

The optimal policy is so, f64 (2 2 2 2 2 2) which means 
that the second repair rate (A2 = 0.0833) should be used for 
all states of the system. 

COMPUTER PROGRAM 

A computer package is specially designed in FORTRAN IV for 
the model. The program is designed for as large no of sys-
tem states as possible also for as large no of available 
service rates as possible. 

The computer program is shown in appendix 1. The expected 
long run costs computer output is shown in appendix 2. 
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Appendix 2 

itxpt(itv 	IUeL. 	61.) 	(0311 

	

POLICY 	w0. 	6 xP(C1t0 Co3r5 

	

1 	 1)0.958 

	

2 	 67.797 

	

3 	 111.1)6 

	

4 	 114.117 

	

.5 	 129.700 

	

6 	1)0.466 

	

7 	 130.696 

	

11 	 76.610 

	

9 	 111.1149 	' 

	

10 	 113.417 

	

11 	 129.519 

	

- 12 	 1)0.610 

	

13 	 11.739 

	

11 	11.593 

	

16 	 16 .955 

	

16 	 27.597 

	

3) 	 111.011 

	

11 	 11i.471 

	

19 	 119.790 

	

20 	 124.005 

	

el 	126.152 

	

27 	 129.645 

	

23 	2 .1•124 

	

24 	 /4.126 

	

75 	 76.719 

	

24 	 74.416 

	

17 	 8.1.493 

	

31 	 81.470 

	

79 	 91.54) 

	

10 	 56.811 

	

31 	 16.935 

	

13 	 17.571 

	

33 	 111•40 1 

	

34 	 111.751 

	

35 	111.847 

	

34 	 113.9AC 

	

32 	 115.020 

	

3 	 114.609 

	

39 	 125.318 

	

40 	 125.364 

	

11 	 125•199 

	

12 	 175.906 

	

43 	 74.564 

	

1,4 	 74.802 

	

45 	 74.841 
46 70.251 
47 	 76.111 

	

40 	 76.701 49 134.011 10 15 4.069 SI 136.g24 

	

12 	 111.1v# 

	

53 	 1 11.388 

	

54 	 1 13.91 7  55 1 25.305 

	

56 	
1 1 1.917 

	

57 	 83.456 

	

59 	 111.326 

	

59 	 84.002 

	

60 	 76.244 

	

61 	 '14.793 

	

62 	 14-557 

	

63 	 74.521 

	

64 	 74.516 
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