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Calculation Of One-Dimensional Transonic 

Flows Using Micro-Computers 

M.M.ABDELRAHMAN'c,A.O.SHERIF** 

ABSTRACT 

The use of micro-computers to investigate new solutions, tech-

niques•and for training purposes, proved to be a cost effective 

solution. In this work the potential of using micro-computers 

to solve one dimensional transonic flow is explored. 

A newly developed implicit pseudo-unsteady finite difference 

method for solving Euler equations is considered. The equations 

are solved in a converging diverging nozzle. Solutions obtained 
are compared to 	the exact 	solution . Bounds 
on the different parameters affecting the solution process and 

time estimates for the algorithms considered are presented. 

* Assistant Professor,Dpt.of Aercnautics,Cairo University,Egypt. 
** Associate Professor,Dpt.of Aeronautics,Cairo University,Egypt. 
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INTRODUCTION 

regimes. However, the analysis of transonic 
flows and the design problems 

more difficult than studying pure.subsonic or 

The difficulty being primarily associated with 

hyperbolic nature of the governing equations, and 

of discontinuities in the field of computation. 

At fairly low supersonic speeds, 1<M<1.3 , the shock wave is qui-

te weak and it is reasonable to replace it by , series of isentro-

pic compression waves. This approximation should not be a source 

of serious errors. The reason is that the entropy generated by 

the shock wave is proportional to the third power of the shock 
strength or (M 2--1), where M is the Mach number before the shock. 

In this range, it is possible to obtain satisfactory results by 

solving the potential equation instead of solving the complete 

Euler's equations. However, Euler equations should be used for 

solving flows with strong shocks and flows with rotational effects. 

In an effort to stimulate and encourage the application of compu-

tational methods, the Department of Aeronautics, Cairo University 

has decided upon a plan to explore the utilization of present day 

micro computers in such field. The plan is concerned with the stu-

dy of computational methods for one, two and three dimensional 
flows. 

In this paper the finite difference method has been used to solve 

the transonic one dimensional flow in ducts. The following sec-

tions summarise the problem formulation, the discretization of 
the equations and thel results of the numerical experiment. 

Transonic aerodynamics is the focus of strong interest at the 

present time, It is known that the transonic regime is one of Lhe 
most efficient flight 

in such range of flight speeds is 
supersonic 

the mixed 

flows. 

elliptic 

to the presence 
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PROBLEM FORMULATION 

For a quasi one dimensional flow in a duct and assuming a cons-

tant total enthalpy, the Euler equations may be expressed in the 

following nondimensional form [13 ; 

Pt  + 	o 	 (1) 

where 

P 	{ F  , F} T  o 

= (GG) T  o 	1 

F P/P 0.J.n 

G.= (F S)
x 

/ S 

F = F V/a* 
1 

G = {R (F + F2/F )} + S (F2/F )/S 1 	0 	lox 	xio 

R = (y+1)/2y 

p is the density of gas , 

V is its velocity , 

a* is the critical speed of sound , 

S is the nondimension cross-sectional area , 

y is the specific heats ratio , 

oin is a subscript denoting the total condition at 

the intake section , 

t and x are subscripts denoting the differentiation 

with respect to time and space respectively. 

Here (F ,G ) represent the continuity equation o 	o 
and (F ,G ) represent the momentum equation . 
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The numerical solution of equation (1) is obtained by using a 

time marching method. The procedure solves the equation in the 

unsteady form then computes the changes in the physical values 

over time untill a steady state solution is found [2-3]. 

Several finite difference schemes have been developed to solve 

equation (1) in the transonic regime. Some of these methods are 

based on explicit discretization in time[4-5]. In such methods, 

the time step used in the computation is restricted by the sta-

bility requirements of the scheme. This leads to considerable 

increase in the computation time. The stability of the scheme 

is usually expressed in terms of the CFL number; 

CFL = At max(A ,A ) 
1 	2 

where A 	are the eigen values of the system of equations (1) 
1.2 

A 	
1 	1 

= R V 
	1 + /1+— (M -1 ) 

1.2 	 yR M 

M is the local Mach number. 

Other methods use implicitCLscretization [6-8] . The usually 

have better stability properties than the explicit methods ; 

i.e. larger time steps can be used. 

In the next section, a new implicit scheme developed by the 

first auther [9] will be described and adapted to the purpose 

of this work. 

DISCRETE MODEL 

The system of equations 	is discretized in two time levels 

such that 

J1+1 	n 	A-i+1 
= 	L 	+ C(0 ) (2) 

where Fn  is the numerical solution at the Ant (t=npt ,x=ipx) 
1 
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n+1  The nonlinear implicit term G. 	is written as 

	

Gn+1 = Gn  + af + ocze, 	(3) 

where 

and 

	6f = (3G/3F)n  f + (3G/8Fx)nfx  

f = F114-1  - Fn  

The elimination of Gn+1 between equation (2) and equation (3) 
leads to 

	

{ I + At 13) f = - At Gn 
	

(4 ) 

where I is a unit matrix. 

Now,centered space discretization is used for the system of 
equations (4) 

f. + 1Lf(Sf). 1-(Sfl a 	a 	I+ 7 	1 2- (5-a)  

where 

f.+2.111f(1-V)ilifol 	-(1-1/2). If. 0-Ss.v?f. a 	2-, a-, 	2 2 a 

+21.1R(v. If 	-17. If. 1)+2Ss.v.r.=-Ate! 1+7 ii+7 	1-7 13.7-2 	1 1 a (5-b)  

u= At/Ax 	v=V/a* 	and 	Sl=u(AS/S)i  

This system of equations 'is:a block tridiagonal system. In 

order to use a standard tridiagonal solver, equation (5-a) is 

substituted into equation (5-b) and the later is solved. The 

resulting system is 1efined by 

- b. f. 	+ c. f. - d. f. 	= e 
11-1 	 i 11+1 	. 	(6) 

L 	
_J 



FIRST A.S.A.T. CONFERENCE 

14-16 May 1985 , CAIRO 
CA-1 66 

r- 
	

1 

where 

2 1-2 b. =07R  (1-v2). 	Q

1-7 	
R v. 	+ 2  pSi  vi Si 

1 	1-7 	1-7  

S. 	S
i  ) + 2Ss.v ci 

= 1 + p2R 1(1-v2) 	01 	+(1 v2) 

	

1 0 1 	4 1 S4 1 	1 i 
ii7 	il- 2 	-1--7 	J- -2 

	

1 	2 

	

+ pR 	(v4 ,1-v,„ 1)+,7 S‘,1/4(S1-S- 1)/S. 

	

..I.J2 1.-2 4. 	1_ i _11-2 1-2 	1 

S
i+1 	

S.1 
1 d.

1 
 .1.17R (1-v2) 

1 S 1 

	

,pR vi+  1 	
2 p Ss1.v1 S.  1 	

+ 
7  

d.+2 	1+2 	
7 	i 

e. . -At Gn  _ Ts` v2 Gn + Rt 0 _v7 ) Gn _ (1  _ v7 ) Gn j  
i 

	

li 	i 	i 	
ii 

 Gi 	iklz  ai+1 	i- yi- 

To ensure the existence and uniqueness of the numerical solution 

of equation (6) at supersonic speeds, a mixed differences must 

be introduced into the momentum equation. This is introduced by 

using backward spatial difference in the supersonic zone as des-

cribed in [1;] and [9]. 

F. 	= Fr? - Ata {(1-E) 
Gn+1 +s G.  } 

11 	11 	+ 	11 	- 11-1 
n+1 
	 n+1 	(7) 

where 	= 0 	when 	M<1 

E = 1 	when 	M>1 

The subscripts +,- correspond to the points (i+112) and (i-12) 

respectively. 

a = 1 	every where 

a = 1/2 	at the shock point 

The scheme described by equations (5-a) and (7) is unconditional-

ly stable in the sense of Von Neuman [1] ;i.e. it is independent 

of the time step selected. 

Si 	 S. -1 	 1 
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RESULTS AND DISCUSSION 

The method described in the previous section of this article has 

been programmed on an HP45 micro computer system using BASIC 

language. The example considered is the flow in a parabolic La-

val nozzle. The cross sectional area is given by 

S(x) = .01 +.04778 (x-0.5)
2 	

0<x <1 

At the outflow, a constant pressure value was imposed that will 

ensure subsonic flow there. The back pressure imposed resulted 

in a shock at x=.75 which corresponds to a ratio of the output 

static pressure to the input total pressure of 0.813 and a Mach 

number before the shock equal to 1.6. 

To start the calculations, the stagnation values for the pressure 

and the density was prescribed every where with zero velocity. 

Fig.1 shows the evolution of the flow, expressed in terms of 

pressure, with the iteration. The CFL number was 20. 

Fig.2 shows the behaviour of the rate of convergence of the ite-

ration as the CFL number is varied. It is quite clear that the 

rate of convergence increase as the CFL number increased. 

For explicit schemes, the upper bound.  of the CFL number is dete-

rmined by the stability condition. For the implicit scheme it is 

determined by the actual computation. In this case the maximum 

CFL number is 100 . CFL as high as 150 has been obtained using 

a super main frame (CYBER 170-750). 

Fig.3 illustrate the pressure distributions associated with three 

values of CFL numbers used in computations after 100 iterations. 

The following table summarizes the actual experience gained from 

such experiment 
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CFL 
No 

No of 
time 
steps 

Reduction 
in 

Residual 

-log(Res.) 
f'8r 

(100'it. ) 

5 100 1 2.8 

20 67 6 10.1 

50 47 6 11.4 

Note that more than 100 iterations are needed to reach the steady 

state solution for CFL number as low as 5. 
The mesh used has 51 points and the computer time taken was 0.4 

second/iteration/point. 

In conclusion, the results obtained are in good agreement with 

the exact solution. It indicated that micro computers are suita-

ble for such kind of computations. However the 0.4 sec./point/ 

iteration is a very high figure. But in the authors opinion is 

due to the slowness of the HP system. A typical figure for two-

dimensional transonic computation 10 was 4 minutes per iteration 

in a mesh of 33X17 points. 

The authors beleive that this figure will be lower on modern sys-

tems such as IBM (PC or XT) with mathematical coprocessor. A typi-

cal figure for 2-D incompressible flow problem was approximately 

.01 sec./point/iteration. The computation was done using double 

precision arithmetic, the program was in FORTRAN on an IBM PC with 

640 KB. 

L 
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Fig.1. Evolution of the pressure ratio 

with iterations. 
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Fig. 2. Convergence histories for different 
CFL numbers. 
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Fig.3. Distribution of the pressure ratio 
after 100 iterations for different 
CTI 
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