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■•••1•10 ABSTRACT 

Computerized axial tomographic reconstruction technique (CAT) has been 
originally developed for X-ray medical applications. The technique is 
widely used to obtain cross-sectional pictures of living bodies, mapping 
not only their structures, but also some of their physiological functions. 
This technique is successfully extended to map chemical species concentra-
tion and temperature fields across reacting and non-reacting flows. The 
method has the capability of high-speed (real-time), three-dimensional 
reconstruction of laminar and turbulent flow fields. 

In our paper, we present and review the convolution algorithm for tomogr-
aphic reconstruction of a three-dimensional field from a set of corres-
ponding two-demensional projections. The algorithm involves parallel 
beams geometry and multiangular laser-based absorption measurements. The 
effects of the choice of filtering functions together with the required 
number of viewing angles on the algorithm performance are demonstrated 
with the aid of simulation results of two axisymmetric functions similar 
to the profiles in fluid flow and combustion processes. 

5 	Assistant Professor, Dept. of Weapons and Ammunition, Military 
Technical College, Cairo, EgYpt. 
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INTRODUCTION 

Nowadays, with the advent of lasers and rapid data collection techniques, 
laser-based nonintrusive optical diagnostic techniques are the major inves-
tigative tools in fluid flowfields and combustion processes. These techni-
ques make use of the dependence of the flow's optical properties on its 
thermodynamic properties. They are capable of providing not only excellent 
time response as well as space resolution ( instantaneous point measurement), 
but also overcome all limitations of the intrusive probing techniques. 

Nonintrusive optical techniques have seen a rapid rate of development in 
the last fifteen years. Recent reviews [1-5] discuss the increasing prac-
tical availability of such techniques in measuring velocity, temperature, 
density and species concentration fields. They are based on light scatter-
ing, interferometery, fluorescence, emission and absorption processes. 
Among these techniques are Rayleigh scattering, Mie scattering, Raman 
scattering in both linear and nonlinear forms, laser induced fluorescence 
and computerized tomography. Each of these methods has a range of applica-
tions where it is superior to others, but non carries a universal applica-
bility. Thus a need to select the appropriate method from this complete 
set exists. 

Computerized axial tomographic reconstruction technique (CAT) based on 
absorption process has been originally proposed and developed for radio-
astronomy and medical radiology [6-9]. The mathematical foundations of 
tomography had been established by Radon[6J, but Bracewell [7] was the 
first to obtain practical reconstructions in the field of radio-astronomy. 
Image reconstruction in the area of medical applications was carried out 
by Cormack [8]. His results formed the basis for the development of medi-
cal CAT scanners. The first commercial scanner was designed in London 
by Hounsfield in 1970 [9]. Because of the substantial success of the 
technique in these fields, it was adapted by contributors from other fields 
such as fluid flow and combustic diagnostics field [10-15], meteorology 
and oceanography [16-17]. 

The tomographic methods for retrieving the property field have been devel-
oped in two different directions: iterative algebraic reconstruction 
(ART) techniques [18] and Fourier transform (FT) techniques. Ramachand-
ran and Lakshminarayanan [19] proposed the use of convolution instead of 
FT technique. Their approach has higher speed of computation because it 
involves only 1-D summation instead of doing 2-D FTs. They introduced 
a specific weightin function. This function was later treated in details 
by Shepp and Logan L20], and by Kwoh and others [21]. 

The applications of laser -based tomography to fluid flow and combustion 
diagnostics were recently proposed by Goulard and Emmarman 110,11]. An 
advantage of the technique is that it relies on absorption properties 
of the flow chemical components, which posses much larger cross sections 
than any other optical processes. This improves the method ability to 
measure low concentrations and to track rapidly fluctuating signals. As 
in flow transition regions where mixing and combustion take place in 
coherent structure modes evolving at rates of the order of one KHz and 
more [22 ,23]. The corresponding disadvantage is that very few combus-
tion molecules (CH4, OH, CO... etc) have absorption lines in the optical 
range of available laser sources. 
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Studies in the field of combustion diagnostics utilized convolution tomog-
raphic algorithm with parallel beam geometry and modified Shepp -Logan 
filter function [10-15]. The specific choice of such filter was made 
because it provides both damping response to the cut-off frequency of the 
field to be retrieved and has low sensitivity to measuring noise [201. In 
the present paper, we review the convolution algorithm adapted for fluid 
flow and combustion applications . Based on simulation studies, we investi-
gate the appropriateness of other available digital filter functions. 
Also the effects of limited number of viewing angles on the performance 
of the algorithm are demonstrated. 

CONVOLUTION ALGORITHM 

The transmitted radiation in an absorption process is given by the Bouguer-
Lambert-Beer low [24] 

00 
Iv= No  exp [-f Q 

	
Ni  

vi i 
00 

Application of absorption tomagraphic technique in combustion and fluid 
fow measurements ( for point measurement of the property field) involves 
multiangular absorption measurements along M equally-spaced parallel 
beams at N equally-spaced angles [10-123. The MxN data set is used to 
reconstruct the original concentration field, Qvi  Ni. The temperature 
field can be rerieved by ratioing the intensity measurements taken at two 
neighbouring frequencies ( Boltzmann's relation). The absorption along each 
beam in Eq. (1) can be rewritten as ( see Fig.l). 

P(r,O) = f c°  F(x,y) ds 	 (2) 
CO 

The multiangular technique is based on reconstructing the function, 
F(x,y), from a set of its projections, P(r,0). The convolution method 
developed by Ramachandran and Lakshminarayanan [19] will be summarized here. 
Although it is a FT approach, it does not require the evaluation of any 
transforms. The 1-D FT of Eq. (2) can be written as 

P0(w)  = fm  P(r,O) exp (-iw r) dr 

= 	fc°  Fe(r,$) exp (-iwr) dr ds 	 (3) 

Introducing the 2-D FT of the function l)(r,$), such that 

F0(411) = fm  fm  Fe(r,$) exp Eli (wr+n s)] dr ds 	(4) 
■W ■W 

A 	A 
Comparing Eqs. (3) and (4), we can see that P0(0= Fe(w,o), which is the 
central Slice Theorem,[25], see Fig.2. A 180 degree sweep of angle8 will 
yield all values of F(w,n) in the frequency domain. The function F(x,y) 
can be reconstructed as the inverse FT of the set of

8
(w) obtained by 

measurements . The inverse FT of Eq. (4) will be given as 

(1) 

F(x•y) = -- 
1 
 -2 j

7 co 
P0(191w1 

(27) o -co 
TheiwIcomes from the Jacobian of coordinates 
a function gr) such that its FT is given by 
tion theorem [26 ],the inner integral of Eq. 

(5) 

transformation. By defining 
$(0 'Iwl. From the convolu-
(5) can be evaluated as 

exp [1(0 ;1 dw de 

L 
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V(r,e) = fw  P(T,0). cp(r-T) dT 	

(6) 

-co 
and Eq. (5) will be re•arranged to have the form 

F(x,y) ■ 	1 	7 c° F(T,O) cp(r-T) dT de 	(7) 

o -co 
Because P(r,e) is known only in the sampled domain (discrete values), the 
integrals in Eq. (7) must be replaced by their discrete summations. The 
corresponding reconstruction approximate formula is given by 

N 	k=c0 
F(x,y) = 	

a 	P(r ,O.). q(x cos 0.4-y sin 0j
-r
k
) 

2N 	k j 	3 
j=1 	k=-A. 	 (8) 

Accurate reconstruction of the property field, will depend on the proper 
choice of the sampling intervals (M and N). Nyquist sampling theorem [261 
requires that the sampling rate has to satisfy the condition  Sr ; 2 Pmax 
for unique recovery of the reconstructed function. Emmerman and others 
[13] discussed the conditions for proper choice of M and N. They require 

that (4 R pmay
) equally-spaced rays to be measured at ( 27 R p ) max 

eqally-spaced angles, are necessary for proper retrieval of the field 
function. If such criteria are not met, the reconstructed field will likely 
show 'affects due to aliasing [26]. Oversampling is unnecessary from theore-
tical point of view , but it can improve the reconstruction accuracy in 
the presence of noise [11, 20]. 

FILTER FUNCTIONS 

Since the inverse FT of the functionlud does not converge, the convolution 
ajsorithm ( Eq. 8) will require that the FT of (OW satisfy the conditions 

11w1 forlwd4 27 p 	x  , and slowly go to zero, l(p) = 0, for w > 

ZIP max
. The choice of al approximate function 4(w) will greatly affect 

the computational speed as well as the accuracy of the retrieved property 
field. Because the multiplication of two FTs in the frequincy domain is 1 
consisdered as a filtering operation, the approximation '“W) =16)1 is call-
ed an lwl- filter, and its spatial response 4(r) is called a digital filter 

function. 

There have been a number of filter functions generated for medical tomogr-
aphy [19-21], many of which are quite suitable for fluid flow and combus-
tion applications. The frequency responses of these particular filter 
functions are defined in Table 1. They are assumed to be linear in distances 
betweenTarallel rays; this will result in large saving of computational 

time [19.1 . Using linear interpolation of a filter function is equivalent 
to the convolution of its spatial response with a triangular function of 
suitable size. This means to multiply its frequency response by the funct-

ion a.sinc (CO a/2 ) 	[21] . 

J 
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Table 1 Frequency Response of Filter Functions 

Filter 	(w) 	 Ref. 

Shepp-Logan 	4)1=1 -a- sin ( --2— )1 	[20i A 	2 	w a 

Modified Shepp-Logan 
A 

o.4 (1) 
1
+ 0.6 (1)1  cos (w a) 	[20] 

 
Ramach.-Lakshmin. (1)2= - 

1  
a- 1(1)1 	forlwk-a- 7  [191 

wlf or :- <16) 

	

. 1 	_ 	27 
a I a 

A 
Modified Ramachr 	0.4 (1)2+ 0.6 (1)2  Cos (w a) 	proposed 

1 
Generalized 1w1-- 	4)3  = -ii-lw1 exp E-Elwl pi f or lw 14i 	[21] 

filter = 	2X 
= a I---  a  wlexp ' - L q-14(01P] 

7T 	211.  
for___< I (0 14.-  a 

A comparisan of the frequency responses of the Shepp-Logan filter ( recti- 
fied sine wave, SL), the modified Shepp-Logan filter (MSL), the Ramacha- 
ndran-Lakshiminaryanan filter (triangular wave, RL) and some typical gener- 
alized lwl- filters are shown in Figs. 3-6. We propose to modify Ramachan- 
dran-Lakshiminaryanan filter (MRL), the same modification Shepp and Logan 
did to their own (see Fig.4). It is quite clear that the RL filter form 
has the best approximation of the function 10

6
, for 1w14 ; , while the 

SL filter has the smoothest response. Figure introduces the fact that 
the generalized1WI-filter - through the proper choice of the parameters 
p andj - can fit any where in the gap between the RL and the MRL filter 
responses. The differences in behaviour of these filter functions are 
compared - in next section - through their performances in reconstructing 
specific simulated field functions. 

COMPUTER SIMULATION AND DISCUSSION 

The goals of such simulation are to test the performance of a limited 
angle tomographic technique on some specific fields, and to investigate 
the appropriateness of the filter functions (Table 1) to fluid flcl and 

! : 	combustion applications . A Gaussian function, Fi(x,y) = exp[-10(x +y2)] , 

:

7 	was tested. The choice of such functional form fias been made because of 
 its similarity to the fairly smooth concontration profiles of chemical 

species in diffusion flames for instance. A cylindrical function, 
F,(x,y) =1 for x2+ y24 0.25 had been reconstructed. This is because of .  
its resemblance to point source or sharp discontinuity ( as test section . . 	window or annulus secondary flow). In reconstructing both functions a value 
of M = 100 is chosen. The filter functions MRL, MSL and generalized 

L. 	 -I 

Lakshmin. 
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lwl - filter (with p=2.6 and f =10 5) are utlized. RL and SL filters were 
omitted because they show somewhat undesirable oscillations in the perform-
ed reconstructions. 

Figure 7 gives the central slices of the reconstructed 40x40 Gaussian 
function F1, using the convalution algorithm with three different functions 
( mentioned in last paragraph) at five different viewing angles N. Figures 7 
and 9 indicate two significant characteristics of the algorithm. First 
with increasing the number of viewing angles N, the reconstruction will 
converge to approximately the true function. The selection of filter function 
had little effect on rms error and on image quality of F.,. A six -angle 
convolution technique gives 5.5 % accuracy with eith Mt', or proposed MRL 
filter functions. Second, the choice made for the generalized filter param-
eters is not suitable for combustion diagnostics. 

Figure 8 shows the central response of the technique to a uniform cylindri-
cal function F2. The previous three filter functions are atilized at five 
different projecting angles N. No significant differences between the recon-
structions with MSL filter and the proposed MRL filter function (rms error). 
Figure 9 introduces the fact that there is no way of getting reasonable 
reconstructions of sharp changing property fields (as F2) by using data 
from few views with convolution algorithm. The probable reason that the 
reconstruction of F2 is not as good as that of F1 is that the F2  has 
larger bandwidth than the smoother F1 [20]. 

CONCLUSION 

From the results reported in this work, it has been shown that the proposed 
modification of the Ramachandran-Lakshminarayanan filter function will 
produce about the same response as that of the modified Shepp-Logan filter. 
Either one can be used with the six-angle convolution algorithm for recon-
struction of axisymmetric low concentration and / or temperature fields 
in fluid flow and combusidon processes ( about 5.5% accuracy). More work 
has to be done for the proper choice of generalized filter parameters, 
to suit fluid flow and combustion diagnostics . The technique response-
using different filters- to noise projections, and the problem of ray 
path bending have to be carefully checked. 
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NOMENCLATURE 

a 	spacing between parallel beams 
F(x,y) 	Property field functicv = Q 4  N4  

Transmitted radiation intenaty J( at frequency v) 
I
v 

Incident laser intensity ( at frequency v) 
MVO 

 
Number of parallel rays per projection 

N 	Number of viewing angles 
N 	The ith species concentration 
Ptr,8) 	Projection of F(x,y) at angle 8 
p 	Switch parameter ( for generalized filter ), p 

Absorption cross section of ith species (at frequencyp) 
Rvi 

 Radius of the property field 
r 	Radial coordinate 

Sampling rate 
sr 	Absorption path length 
x,y 	Cartesian coordinates 

Dummy variable 
0 	Viewing angle 
V 	incident light frequency 

Damping factor (for generalized filter ), 	0 
p 	Spatial frequency ( in the transform domain ) 

Spatial frequency bandlimit 
Tmax 

Dummy variable 
(P(r) 	Filter function 

2Trp 
A 	Denotes Fourier transform operation 

Fig.l. An object F(x,y) and its 
projection P(r,e) in the spatial 

domain. 
Fig.2. The function F(X,Y) in the 

frequency domain. 
11•1•11.1. 
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Fig.4. RL and MRL filter shapes with and 
without linear interpolation. 
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Fig.3. SL and MSL filter shapes with and 

without linear interpolation. 
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Fig.5. Some typical generalized filter shapes 
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Fig.6. Comparison of filter shapes with 
linear interpolation. 
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Fig.9. Dependence of reconstruction accuracy 
on number of projections. 
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a) MRL filter function. 
a) MRL filter function 

b) MSL filter function. 	b) MSL filter function 

Fig.7. Central slices through the 
reconstruced Gaussian function F1  
using three filter functions with 
five different viewing angles 
N=2,--- N=3, --- N=6, ---N=10 and 

N=20).  

Fig.8. Central slices through the 
reconstructed uniform cylindrical 
function Fl  using three filter fun-
ctions with five different viewing 
angles (-- N=2, --- N=6, — N=10, 
--N=20, and 	N=40). L 
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