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Abstract. Bent axis electrohydraulic servo motors are one of the Electrohydraulic Servo Motors 
(EHSMs) family which are used in high frequency, speed, and precision applications such as 
aerospace applications as well as many military weapon system applications. Therefore, it is 
essential to understand how such motors affect the whole performance of the system which 
makes modeling of these motors is an important task to be achieved. Once an accurate model is 
obtained, an optimum controller can be applied. This paper introduces detailed mathematical 
modeling of a typical bent axis (EHSM). MATLAB SIMULINK package is used to simulate and 
control such (EHSM) using PID controller. The PID controller gains were tuned using PD-PI 
controller to obtain the precision response for the (EHSM). The validity of mathematical 
modeling was reviewed through some practical experiments.  

1. Introduction  
Electro-hydraulic Servo Motors (EHSMs) are used in industries where high power to weight ratios, rapid 
responses, and high precision are needed such as aerospace applications.(EHSMs) motors are used to 
convert the hydraulic power into mechanical one [1]. They combine the advantages of the hydraulic and 
electric powers, as they are composed of a hydraulic motor and an electro-hydraulic servo valve (EHSV) 
respectively[2].   

The importance of such devices in recent industries makes their mathematical modeling an important 
task to be achieved. In the process of designing a new model for a system or improving an existing one, 
an exact model must be identified [3]. The output of a system can be accurately predicted with good 
mathematical modeling [4]. So, when the system is well defined, the mathematical model representing 
this system can be achieved using for example differential equations. These differential equations can 
be simulated using simulation programs such as the one used in[5]. 

 The point of building a mathematical model is to identify the dynamic behavior of the system besides 
the ability to control such systems without overshoot or delay through a control action applied in an 
optimum way to ensure control stability. As it’s known, mathematical modeling of a system is achieved 
by a huge amount of dependent differential equations that describe every component in the system. 
Besides the equations that express how these components are related to  

The dynamic behavior of an Electro-hydraulic servo system (EHSS) was examined by Attila. The 
dynamic behavior was investigated using a step response for a non-linear mathematical model. The 
results showed that the servo valve rapidly followed the valve control signal [6]. Dechrit and Nitin 
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achieved modeling and simulation of a non-linear high-speed servo system used in the operation of a 
mini-press machine. They built a mathematical model using MATLAB Simulink and the simulation 
results were tested using experimental system identification which showed the effectiveness of their 
model [5]. Also, J. Das et al derived a physical nonlinear model for an electrohydraulic actuator. To 
obtain the actuator dynamics, MATLAB / SIMULINK program was used. The model was validated 
through experimental work. They focused, experimentally, on the actuator friction and proportional 
valve characteristics to get closure of the physical model. They tested their model and then a PID 
controller was introduced to the model. The gain values were found to be suitable and hence providing 
stable results[7]. 

Once a good model is obtained an optimum controller can be achieved. PID controller is the most 
applicable controller used in the industry because of its simplicity in structure and satisfying 
performance in the industrial process. However, the optimum performance of the PID controller is 
dependent on three gain values 𝐾𝐾P,𝐾𝐾I,𝐾𝐾D proportional, integral, and derivative gains respectively. 
Tuning of these gain values becomes an essential task to be achieved in order to get a precision 
performance of such PID controller[3][8]. T. G. Ling et al applied a PID controller to their model to 
achieve an accurate position tracking of an electrohydraulic actuator. They compared their simulation 
results with real work, and they concluded that the system with the controller achieved position tracking 
with high accuracy [9]. There are several types of PID tuning. R. Sen et al applied three types of tuning 
the PID controller to obtain a precision Positioning of a multi-axis machine[10]. The PD-PI controller 
is considered an extension of the classical PID controller[11]. Galal A. Hassaan achieved tuning for the 
classical PID controller using a PD-PI controller to a first-order time-delayed process. The PD-PI 
controller was compared to the classical PID controller. The results showed that it has a better response 
than the classical PID controller[12]. Also, Akram F. Singer used the PD-PI controller for tuning the 
classical PID controller. The proposed controller was applied to a third-order oscillating process. The 
results showed that the proposed controller has a better performance than the classical PID 
controller[13]. 

2. System description  
Fig. (1) shows the construction of the considered hydraulic system. 

 

1. open tank    2. Fixed displacement pump   3. Electric motor 4. Relieve valve     5. Pressure -gauges   6. 
Hydraulic pipelines 7. EHSV 8. Hydraulic motor 

Figure 1. System description 
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2.1 Hydraulic power supply. 

2.1.1 construction and operation. The considered hydraulic system is illustrated in fig. (1). It consists 
of a hydraulic power supply to ensure a constant and controllable supply pressure (Ps). The hydraulic 
power supply (HPS) is composed of an electric motor (3), [3-phase power electric motor 10 HP and 380 
Volt], coupled to (2) a hydraulic fixed displacement gear pump, [533/rev], immersed in (1) a tank, [250 
liters]. The supply pressure Ps is limited by (4) a regulated pilot-operated relief valve. 
 

2.1.2 mathematical modeling. The mathematical relations describing the (HPS) , from equation (1) to 
(20) in [14], have been used to develop a Simulink program .the calculated transient response of the 
system pressure is plotted Fig.(2). 

2.1.3 simulation and results. The following figure shows that the exit pressure ranges from (90.5) bar 
in the case of throttle area equal to (Ath = 1e-6 m2) which gives a flow rate of (10) l/ min equal to the 
maximum flow rate of the electro-hydraulic servo valve (EHSV) to (91.4) bar at (Ath = 0) which equates 
to zero servo valve flow rate. This result shows that the maximum pressure variation is within (1.2%). 
Therefore, in this study, the HPS pressure is assumed to be constant. 

 

Figure 2. HPS exit pressure at throttle area (Ath= 0 & 1e-6 m2). 

2.2  Electro-hydraulic servo valve. 

2.2.1 Construction and operation. The (HPS) fluid is controlled by a two-stage electro-hydraulic 
servo valve (EHSV) of type [MOOG] numbered in fig. (1) by (7). The construction drawing of two-
stage EHSV identified by complete parameters is shown in fig. (3). The typical two-stage EHSV receives 
the pressurized hydraulic fluid that comes from a hydraulic pump. It then transmits the fluid to a bi-
directional hydraulic motor at a pressure that is relative to an electrical signal which it receives. Servo 
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valves can guarantee an accurate control of velocity, position, force, and pressure with good damping 
characteristics.  

 

Figure 3. Schematic drawing for two-stage EHSV 

2.2.2 Mathematical modeling. The mathematical modeling of the EHSV was developed through 
equations 1 to 18[2]. The author has partially contribution on the modeling of the two-stage EHSV. The 
mathematical modeling was developed as follows.  

• Torque motor 
The function of the electromagnetic torque motor is to convert the electric input which is a current of 
low value within 10 mA into mechanical torque. Neglecting the magnetic hysteresis effect, the equation 
of the torque motor can be expressed as flows: 

𝑇𝑇 = 𝐾𝐾𝑖𝑖𝑖𝑖𝑒𝑒 + 𝐾𝐾𝜃𝜃𝜃𝜃 (1) 
 

• Armature dynamics 
The rotating armature movement is illustrated in equations (2) & (3) 

𝑇𝑇 = 𝐽𝐽
𝑑𝑑2𝜃𝜃
𝑑𝑑𝑡𝑡2

+ 𝑓𝑓𝜗𝜗
𝑑𝑑𝜃𝜃
𝑑𝑑𝑡𝑡

+ 𝐾𝐾𝑇𝑇𝜃𝜃 + 𝑇𝑇𝐿𝐿 + 𝑇𝑇𝑃𝑃 + 𝑇𝑇𝐹𝐹 (2) 

𝑇𝑇𝑝𝑝 =
𝜋𝜋
4
𝑑𝑑𝑓𝑓2(𝑃𝑃2 − 𝑃𝑃1)𝐿𝐿𝑓𝑓 (3) 

 
• Feedback Torque 

The magnitude of the feedback torque depends on the displacement of the spool and the rotation of the 
flapper angle which can be described from equation (4) to equation (6) 

𝑇𝑇𝐹𝐹 = 𝐹𝐹𝑆𝑆𝐿𝐿𝑆𝑆 (4) 
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𝐹𝐹𝑆𝑆 = 𝐾𝐾𝑆𝑆(𝐿𝐿𝑆𝑆𝜃𝜃 + 𝑥𝑥) (5) 
𝑇𝑇𝐹𝐹 = 𝐹𝐹𝑆𝑆𝐿𝐿𝑆𝑆 = 𝐾𝐾𝑆𝑆(𝐿𝐿𝑆𝑆𝜃𝜃 + 𝑥𝑥)𝐿𝐿𝑆𝑆 (6) 

• Flapper Position Limiter 
The flapper displacement is restricted by the jet nozzles. Once the flapper limiter reaching one side of 
the nozzle, a counter torque is produced which can be expressed in equation (7): 

𝑇𝑇𝐿𝐿 = �
0 �𝑥𝑥𝑓𝑓� < 𝑥𝑥𝑓𝑓𝐿𝐿

𝑅𝑅𝑓𝑓
𝑑𝑑𝜃𝜃
𝑑𝑑𝑡𝑡

− (�𝑥𝑥𝑓𝑓� − 𝑥𝑥𝑓𝑓𝐿𝐿)𝐾𝐾𝐿𝐿𝐿𝐿𝑓𝑓𝑠𝑠𝑖𝑖𝑠𝑠𝑠𝑠(𝜃𝜃) �𝑥𝑥𝑓𝑓� > 𝑥𝑥𝑓𝑓𝐿𝐿
 (7) 

• Flow rates and the restriction areas of the flapper valve 
1. Flow rates 

The equations of the flow rates can be expressed in equations (8) to (13). 

𝑄𝑄1 = 𝐶𝐶𝑑𝑑𝐴𝐴𝑜𝑜�
2
𝜌𝜌

(𝑃𝑃𝑠𝑠 − 𝑃𝑃1) = 𝐶𝐶12�(𝑃𝑃𝑠𝑠 − 𝑃𝑃1) (8) 

𝑄𝑄2 = 𝐶𝐶𝑑𝑑𝐴𝐴𝑜𝑜�
2
𝜌𝜌

(𝑃𝑃𝑠𝑠 − 𝑃𝑃2) = 𝐶𝐶12�𝑃𝑃𝑠𝑠 − 𝑃𝑃2 (9) 

𝑄𝑄3 = 𝐶𝐶𝑑𝑑𝜋𝜋𝑑𝑑𝑓𝑓(𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑓𝑓)�
2
𝜌𝜌

(𝑃𝑃1 − 𝑃𝑃3) = 𝐶𝐶34(𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑓𝑓)�(𝑃𝑃1 − 𝑃𝑃3) (10) 

𝑄𝑄4 = 𝐶𝐶𝑑𝑑𝜋𝜋𝑑𝑑𝑓𝑓(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑓𝑓)�
2
𝜌𝜌

(𝑃𝑃2 − 𝑃𝑃3) = 𝐶𝐶34(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑓𝑓)�(𝑃𝑃2 − 𝑃𝑃3) (11) 

𝑄𝑄5 = 𝐶𝐶𝑑𝑑𝐴𝐴𝑠𝑠�
2
𝜌𝜌

(𝑃𝑃3 − 𝑃𝑃𝑇𝑇) = 𝐶𝐶5�(𝑃𝑃3 − 𝑃𝑃𝑇𝑇) (12) 

𝑥𝑥𝑓𝑓 = 𝐿𝐿𝑓𝑓𝜃𝜃 (13) 
 

2. Restricting areas  
The modeling of the restricting areas of the flapper valve are shown in equations (14) & (15). 

𝐴𝐴𝑎𝑎 = 𝐴𝐴𝑐𝑐 = 𝜔𝜔𝜔𝜔    
𝐴𝐴𝑏𝑏 = 𝐴𝐴𝑑𝑑 = 𝜔𝜔�(𝑥𝑥2 + 𝜔𝜔2)

�  𝐹𝐹𝐹𝐹𝐹𝐹 𝑥𝑥 ≥ 0 (14) 

 

𝐴𝐴𝑎𝑎 = 𝐴𝐴𝑐𝑐 = 𝜔𝜔�(𝑥𝑥2 + 𝜔𝜔2)
𝐴𝐴𝑏𝑏 = 𝐴𝐴𝑑𝑑 = 𝜔𝜔𝜔𝜔     

�  𝐹𝐹𝐹𝐹𝐹𝐹 𝑥𝑥 ≤ 0  (15) 

3. Continuity equations applied to flapper valve chambers. 
If the continuity equation is applied to the flapper champers, equation (16) to (18) will be introduced. 

𝑄𝑄𝑏𝑏𝑎𝑎 = 𝑄𝑄1 − 𝑄𝑄3 + 𝐴𝐴𝑠𝑠
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

=
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝑉𝑉𝑜𝑜 − 𝐴𝐴𝑠𝑠𝑥𝑥

𝐵𝐵
𝑃𝑃1� (16) 

𝑄𝑄𝑑𝑑𝑐𝑐 = 𝑄𝑄2 − 𝑄𝑄4 − 𝐴𝐴𝑠𝑠
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

=
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝑉𝑉𝑜𝑜 + 𝐴𝐴𝑠𝑠𝑥𝑥

𝐵𝐵
𝑃𝑃2� 

(17) 

𝑄𝑄3 + 𝑄𝑄4 − 𝑄𝑄5 =
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝑉𝑉3
𝐵𝐵
𝑃𝑃3� 

(18) 

These mathematical relations from (1) to (18) were used to develop a computer simulated program 
(Simulink). Fig. (4,5) show where these numerical values where found. 
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Figure 4. Disassembled two-stage EHSV Figure 5. Typical two-stage EHSV 
 

The servo valve is a complicated device that contains a higher order of nonlinear response. To perform 
an accurate mathematical model, knowledge of a big number of internal parameters is required. These 
parameters are adjusted together by the manufacture to tune the response of the valve and this 
information is not available for the users[6]. The previous section illustrates the detailed mathematical 
modeling of the EHSV. 

2.2.3 Simulation and results. The following figure shows the pressure response (P1, P2) at the two 
sides of the spool. The pressure difference ∆P = (P1 - P2) is responsible for the movement of the spool. 
This spool movement generates a flow rate (QA, QB) which in turn rotates the hydraulic motor. 

 

Figure 6. EHSV response to step 10 mA electric current 
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2.3 Hydraulic motor  

2.3.1 Construction and operation. The hydraulic motor is a bent axis responsible for converting the 
hydraulic fluid pressure into mechanical torque and the hydraulic flow into angular displacement. The 
hydraulic circuit is provided by pressure gages at the exist of the (HPS) and the entrance of the hydraulic 
motor as illustrated in fig. (1). The hydraulic motor in concern is illustrated in the fig. (7) consists of a 
front and rear casing (1,2) port plate (3), cylinder block (4), piston head (5), piston rod assembly (6), 
bearing set (7) leakage port (8) and output shaft (9). The input flow rate with high pressure (Qin) is 
supplied to the port plate (3) which transmits the oil to the cylinder block and the piston chamber 
(4,5). The high-pressure line connected to the piston chambers causes pressure force. This pressure 
force is resolved at the end of the connecting rod into two components, axial and tangential force. 
The axial force is sustained by the bearings while the tangential force causes the driving of the 
hydraulic motor shaft against the loading torque. Hence, the loading torque value depends on the 
supply (inlet) pressure Ps and hydraulic motor speed is based on the supply (inlet) flow rate Qin. The 
intake and the drain of the oil flow of the hydraulic motor are controlled by the port plate (3). 

 

Figure 7. Schematic drawing for the hydraulic motor. 

  
2.3.2 Mathematical modeling 

The inlet (intake) and outlet (drain) flow rates can be calculated from the following equations: 
Qini= CdAini�

2
ρ

(Ps-Pci)    (19) 

Qdri= CdAdri�
2
ρ

(Pci-PT) (20) 

Qin= �Qini

i

1

 (21) 
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Qdr= �Qdri

i

1

    (22) 

The following equation results from applying the continuity equation to the individual cylindrical 
chamber of the hydraulic motor taking into consideration the volume variation of the chamber and 
internal leakage. 

Qini-Qdri- 
dxi
dt AS-

Pci
Ri

= 
Vci+XiAS

B
dPci
dt  (23) 

A𝑆𝑆= 
π
4 d8

2 (24) 
Vci =  AS LC (25) 

The piston displacement can be expressed as a function of rotational angle as follows: 

Xi= 
Yi

sin∝= 
d7(1- cos θmi)

2 sin∝  (26) 

The torque on one piston of the hydraulic motor is calculated as follows: 

Tmi= 
d7
2 PciAS sin∝ sin θmi (27) 

Hence, the total torque (motor torque) can be expressed as: 

Tm= �Tmi

i

1

 (28) 

And then the equation of motion of port plate under the action of motor torque can be expressed as 

follows:  

Tm= J θ̈mi+ f θ̇mi+TL (29) 

Equations from (18) to (29) were used to develop a Simulink program for the hydraulic motor[16]. 
Fig. (8) shows where these numerical values were found. 

 

Figure 8. Disassembled hydraulic motor. 
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2.3.3 Simulation and results. The hydraulic motor was connected directly to the HPS and the 
response of the hydraulic motor angular velocity was illustrated in fig. (9). 

 

 Figure 9. Hydraulic motor angular velocity response to step throttle area Ath = 1e-6 m2. 
2.4 Electro-hydraulic servo motor (EHSM) 

2.4.1 Construction and operation. The motor understudy shown in fig. (10) is a bent axis 
electrohydraulic servo motor used in the rocket launcher system. The function of this motor is the 
movement of the rocket system in vertical and longitudinal planes. Once the guidance commands reach 
the control panel of the rocket launcher, they are automatically transformed into electrical signals to the 
EHSV which in turn rotate the hydraulic motor at an angle that corresponds to the guidance signal. It 
composes 9 pistons to reduce the pulsation of the supplied pressure. The operating ranges of frequency 
and power for this motor are much higher compared with other applications. The operating pressure is 
3000 psig i.e about 200 bar. 
 

 
 

Figure 10. Typical electro-hydraulic servo motor. 
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2.4.2 Mathematical modeling. The EHSV was simulated through equation (1) to (18), moreover, the 
hydraulic motor was simulated through equations from (19) to (29). The continuity equations describing 
the room (chamber) between the EHSV and the hydraulic motor are as follows: 

�𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖

𝑖𝑖

1

 − 𝑄𝑄𝐴𝐴 =
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝑉𝑉𝑜𝑜
𝐵𝐵
𝑃𝑃𝑏𝑏𝑎𝑎� (30) 

𝑄𝑄𝑏𝑏𝑎𝑎 −�𝑄𝑄𝐵𝐵

𝑖𝑖

1

=
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝑉𝑉𝑜𝑜
𝐵𝐵
𝑃𝑃𝑑𝑑𝑐𝑐� (31) 

Fig. (11) shows the the schematic drawing for the EHSM. 
 

 

Figure 11. Schematic drawing for the EHSM 

 

The hydraulic motor was mathematically modeled through equations from (1) to equation (31). 
MATLAB Simulink program was used to simulate these equations. Figure (12) shows the constructed 
program block veiw.  

 

Figure 12. Simulink Program Block View. 
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2.4.3 Simulation and results. Figure (13) shows the dynamic behavior response of the EHSM to 10 
mA electric current input to the EHSV. 

 

Figure 13. EHSM angular displacement response to 10 mA electric current input. 

3. PID controller design 
MATLAB Simulink program is also used for designing the PID controller with preliminary gain 
parameters (KP, KI, and KD) based on trial and error of the model. The best values of  controller gains 
were found to be Kp = 21, Ki = 5 , and Kd = 0. Fig.(14) shows the model response for the controlled 
EHSM compared to the EHSM.   

 

Figure 14. EHSM angular displacement response to 10 mA electric current step input. 
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4.  PD-PI controller design 
The proposed controller is a proportional- derivative (PD) proportional - integral (PI) controller. The 
two parts of the controller (PD-PI) are connected in series as shown in figure (15). The system error is 
the input of the first part and its output is the input of the second part [11], [12], [13], [17]. 

 

Figure 15. Construction of PD-PI controller. 

The following figure shows the response of the PD-PI controller with respect to the classical PID 
controller. 

 

Figure 15. EHSM angular displacement controlled with PID and PD-PI.  

5. Validation  
The following figure shows that the more pressure you apply, the higher slope you will get. This can be 
explained by the nonlinearity of the model. As the model pressure is increased, the model becomes more 
sensitive to the input signal which increases the velocity with a small value of current.   
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Figure. 17 Experimental and simulation results of the EHSM for different supply pressures and input current.  

6. Conclusion 
A complete  modeling for a typical bent axis electro-hydraulic servo motor  was done. MATLAB/ 
Simulink program was used to achieve the model. A new generation for the classical PID controller 
(PD-PI) was applied to the model. The model was validated through some expremental work. 
 
Nomenclature  

B Bulk modulus of oil  = 1.5e9 (Pa)   
c  Radial clearance                  (m)   
d5 Diameter of return orifice N5 d5(m) = 0.000

6  
(m)   

df flapper diameter  = 0.000
5 

(m)   

dfn Hydraulic amplifier nozzles N1 & N2 diameter = 0.000
5 

(m)   

ds Spool diameter = 0.004
6 

(m)   

Fs Spool Damping coefficient  = 2           (Ns/m)   
fth Armature damping coefficient  = 0.002    (Nms/ra

d) 
  

J Moment of inertia of the rotor  = 5e-7 (Nms2)   
Ki Current gain  = 0.556    
KLf Flapper seat equivalent stiffness  = 5e6        (N/m)   
Ks Feedback spring stiffness  = 900       (N/m)   
KT Flexible tube rotational stiffness  = 10 (N.m/ra

d) 
  

Kth Armature rotational angle torque gain = 9.45e
-4 

   

Lf Flapper length  = 0.009     (m)   
Ls Mechanical feedback spring length  = 0.03       (m)   
Ms Spool mass  = 0.02       (kg)   
Pc1 & Pc2 Hydraulic motor pressures    (Pa)   
PT Return Pressure = 0 (Pa)   
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Q1 Flow rate in the left orifice   (m3/s)   
Q2 Flow rate in the right orifice   (m3/s)   
Q3 Left flapper nozzle flow rate   (m3/s)   
Q4 Right flapper nozzle flow rate   (m3/s)   
Q5 Flapper valve drain flow rate   (m3/s)   
Rf Equivalent flapper seat material damping 

coefficient  
= 5000 (Nsm)   

V3 Initial Volume of oil in the return chamber  = 5e-6 (m3)   
Vo Initial volume of oil in spool side chamber  = 2e-6 (m3)   
Xi Flapper limiting displacement  = 30e-6 (m)   
π Pi = 3.141

59 
   

ρ Oil density  = 867 (Kg/m3)   
𝜔𝜔  Ports width on the valve sleeve   (m)   
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